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Abstract
̂ 𝐵 and its bidual (𝐴⨂
̂ 𝐵)// .An attempt is
We study the spectra of tensor product of Frechet algebras A and B i.e. 𝐴⨂
̂ 𝐵 coincides with the
made to show that the spectrum of the projective tensor product of Frechet Algebras 𝐴⨂
̂ 𝐵)//
spectrum of the second dual of projective tensor product of Frechet Algebras A and B i.e. (𝐴⨂
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1.1

Introduction
In this section, we give, notations, notions
and definitions of concepts used in the
sequel. All algebras are considered over the
field of complex numbers.

Frechet algebras
1.1.1 Definition: Let 𝑋 be any vector space.
A real valued functional 𝑝 on 𝑋 is called a
semi norm on 𝑋 if the following conditions
are satisfied:
i.
𝑝(𝑥) ≥ 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑋.

iii.

𝑝(𝜆𝑥) ≤ |𝜆|𝑝(𝑥) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈
𝑋 , 𝜆 ∈ ℂ.
𝑝(𝑥 + 𝑦) ≤ 𝑝(𝑥) +
𝑝(𝑦) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝑋

1.1.2

Definition: A topological vector space 𝑋 is
called a locally convex space if its base of 0neighbourhood consists of convex sets.

1.1.3

Definition: A topological vector space 𝑋 is
called a Frechet space, if it is a complete
locally convex space whose topology is
induced by a translation invariant metri
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1.1.4

1.1.5

1.1.6

1.2

(ii)
Let 𝐴 be a topological algebra, we say that 𝐴
has a locally equicontinuous spectrum if for every,
𝑓 ∈ 𝑆𝑝𝑒𝑐𝐴 there exist a neighbourhood 𝑈 of 𝑓 ∈
𝑆𝑝𝑒𝑐𝐴 with respect to the relative topology of 𝐴𝐼
such that 𝑈 is an equicontinuous subset of 𝑆𝑝𝑒𝑐𝐴.

Definition: A topological algebra is said to
be locally convex if its underlying
vector
space is locally convex.
Definition: A locally convex algebra A is
called locally multiplicatively convex, if and
only if its topology is generated by a system of
continuous semi norms(𝑝∝ )∝∈𝐼 Satisfying sub
multiplicative condition.
𝑝𝛼 (𝑎𝑏) ≤ 𝑝∝ (𝑎)𝑝∝ (𝑏) for all 𝑎, 𝑏 ∈, A.
Definition: A Frechet algebra is a locally
multiplicatively convex algebra which is a
Frechet space. In this case the topology is
generated by a countable system of semi
norms (𝑝𝑗 )𝑗∈ℕ
satisfying the sub
multiplications condition.

1.3

Locally bounded approximate identity.

1.3.1. Definition: A net (𝑒∝ )∝∈𝐼 in a topological
algebra 𝐴 is a right (left resp.) approximate identity if
a = lim 𝑎𝑒∝ (a = lim 𝑒∝ 𝑎 𝑟𝑒𝑝.) for all 𝑎 ∈ 𝐴. A net
∝

∝

(𝑒∝ )∝∈𝐼 is an approximate identity if it is both a left
and a right approximate identity. An approximate
identity is bounded if the set (𝑒∝ )∝∈𝐼 is bounded.

Spectrum

1.3.2. Definition:[4] A topological algebra 𝐴 has a
right (left resp.) locally bounded approximate identity
if for each 0-neighbourhood 𝑈 ⊂ 𝐴, there exists c > o
such that for each finite subset 𝐹 ⊂ 𝐴, there exists
𝑏 ∈ 𝑐𝑈 with 𝑎 − 𝑎𝑏 ∈ 𝑈 (𝑎 − 𝑏𝑎 ∈ 𝑈 resp.) for
all 𝑎 ∈ 𝐹. 𝐴 has a locally bounded approximate
identity if it has both right and left locally bounded
approximate identity.

1.2.1. Definition: A topological dual of algebra 𝐴
denoted by 𝐴𝐼 is a continuous homomorphism from
the algebra 𝐴 into the complex field. The second dual
of 𝐴 denoted by 𝐴𝐼𝐼 is the continuous
homomorphism of 𝐴𝐼 into the complex field.

1.2.2
Definition (i) A continuous character of the
topological algebra 𝐴 is a non-zero continuous
complex morphism of 𝐴 into the algebra ℂ of the
complexes. The set of all continuous character of 𝐴 is
the topological spectrum of 𝐴 and is denoted by
𝑆𝑝𝑒𝑐𝐴. Note that 𝑆𝑝𝑒𝑐𝐴 inherits the weak* topology
𝜎( 𝐴𝐼 ,𝐴) of 𝐴𝐼 .

1.4

Arens multiplications

1.4.1
Definition:
The first and second Arens
Multiplications of ∅, 𝜑𝜖𝐴// denoted by ∎ and ◊
respectively with respect to A/ are defined by the
formulae (∅∎𝜑)f = ∅ (𝜑. 𝑓) and(∅ ◊ 𝜑)f = 𝜑(𝑓. ∅)
where 𝑓 ∈A/. The bilinear mapping (∅,𝜑) ⟼ ∅∎ 𝜑 is
separately continuous with second dual topology on
A//, therefore (A//,∎) with second dual topology is an
associative locally convex topological algebra.

(ii)
Let 𝑎 ∈ 𝐴 and 𝑆𝑝𝑒𝑐𝐴, the spectrum of 𝐴, the
Gel’fand transform is the image of 𝑎 under the
Gel’fand mapping 𝑔: 𝐴  𝐶(𝑆𝑝𝑒𝑐𝐴) which is the
algebraic homomorphism of 𝐴 introduced into the
algebra of all complex continuous functions of spec
A denoted by 𝑎̂ and defined by 𝑔: 𝑎  𝑔(𝑎) =𝑎̂ : 𝑓
 𝑎̂(𝑓) = 𝑓(𝑎), for every 𝑎 ∈ 𝐴 , and 𝑓 ∈ 𝑆𝑝𝑒𝑐𝐴.
By the definition of the topology on 𝑆𝑝𝑒𝑐𝐴, the
complex function 𝑎̂ on 𝑆𝑝𝑒𝑐𝐴 thus defined is
continuous.

1.4.2
Definition:
An element N of A// is
called a mixed identity if N is a right identity for the
first Arens Multiplication and left identity for the
second Arens Multiplication. That is for each ∅ ∈A//,
∅∎N = N ◊ ∅ =∅.

1.2.3
Definition:
(i) Let 𝑋 and 𝑌 be locally
convex spaces. A subset 𝐻 ⊆ 𝐿(𝑋, 𝑌) defined as the
linear space of all functions from 𝑋 to 𝑌 is called
equicontinuous if for each 0-neighbourhood 𝑉 in 𝑌
there-exists a 0- neighbourhood 𝑈 in 𝑋 such that
𝑇(𝑈) ⊆ 𝑌 for each 𝑓 ∈ 𝐻..

1.5

Projective tensor product

1.5.1. Definition:
The complete projective
tensor product of Frechet algebras 𝐴 and 𝐵 is
̂ 𝐵. The relation 𝑟(𝑢) =
denoted by 𝐴⨂
∑
𝑖𝑛𝑓 𝑖 𝑝(𝑥𝑖 ) 𝑞(𝑦𝑖 ) where infimum is taken over the
̂ 𝐵 with 𝑢 = ∑𝑖 𝑥𝑖 ⨂ 𝑦𝑖
finite sum ∑𝑖 𝑥𝑖 ⨂ 𝑦𝑖 on 𝐴⨂
̂ 𝐵.
defines 𝑟 as a seminorm on 𝐴⨂
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If 𝑈 = {𝑥 ∈ 𝐴: 𝑝(𝑥) ≤ 1} and 𝑉 = {𝑦 ∈ 𝐵: 𝑞(𝑥) ≤
1} then 𝑟 is the seminorm corresponding to the
convex hull Γ( 𝑈 ⊗ 𝑉).

equicontinuous subsets of the topological dual of the
algebra.
3 Main results
The main results of this paper are presented
here. The following Lemma has a direct bearing to
our results.

1.5.2. Proposition [5]: The second dual of a
metrisable space is a Frechet space under its strong
topology

3.1
Lemma ([3], p 49) Let 𝐴 and 𝐵 be two
algebras and𝑓: 𝐴 → 𝐵. an (algebra) morphism. Then,
one has the relation 𝑆𝑝𝑒𝑐𝐵 (𝑓(𝑥)) ⊆ 𝑆𝑝𝑒𝑐𝐴 (𝑥) for
every element 𝑥 in 𝐴. In particular if 𝐴 is a sub
algebra of 𝐵 then one obtains𝑆𝑝𝑒𝑐𝐵 (𝑥) ⊆ 𝑆𝑝𝑒𝑐𝐴 (𝑥)
for every element 𝑥 in 𝐴.

1.5.3. Remark: (i)
Let 𝐴 be a Frechet
algebra. By proposition 1.5.2., the second dual of the
underline Frechet space is a Frechet space, hence,
with Arens multiplication being associative, 𝐴𝐼𝐼 is
also a Frechet algebra.

3.2.
Proposition:
Let 𝐴 be a Frechet
algebra, A// its second dual and {𝑒∝ }∝ a locally
bounded approximate identity in A. then, the relation
spec A// = 𝑆𝑝𝑒𝑐A is valid within a continuous
bijection.

1.5.4. Lemma [3]: Let 𝐴 and 𝐵 be two given
algebras and 𝑝, 𝑞 sub-multiplicative semi-norms on
𝐴 and 𝐵 respectively. Then, “the tensor product
̂ 𝐵 by the
semi-norm” 𝑟 = 𝑝 ⊗ 𝑞 defined on 𝐴⨂
relation

Proof: Given that {𝑒∝ }∝ ⊂ 𝐴, let {𝑥𝑖 }𝑖 ⊂ 𝐴 be a
sequence in 𝐴. Since 𝐴 has a separately continuous
multiplication, we can have 𝑙𝑒∝ (𝑥𝑖 ) ) = 𝑒∝ 𝑥𝑖 (𝑙𝑒∝ ∶
𝐴 ⟶ 𝐴). This can be extended to A// by using first
Arens multiplication. Consider a sub-sequence
((𝑥𝑖 )𝛽 )𝛽∈𝐼 of {𝑥𝑖 } in A, we have by definition
lim lim(𝑥𝑖 )𝛽 𝑒∝ = 𝑥𝑖 ∎ N = 𝑥𝑖 ,

𝑟(𝑢) = 𝑖𝑛𝑓 ∑𝑖=1 𝑝(𝑥𝑖 ) 𝑞(𝑦𝑖 ),
where infimum is taken over all expression of the
̂ 𝐵 , yields a subform 𝑢 = ∑𝑛𝑖=𝑖 𝑥𝑖 ⊗ 𝑦𝑖 ∈ 𝐴⨂
multiplicative semi-norm on the tensor product
̂ 𝐵.
algebra 𝐴⨂

𝛽

∝

1.5.5. Remark: Let 𝐴 and 𝐵 be Frechet algebras.
̂ 𝐵 is also a Frechet algebras.
By Lemma 1.5.4, 𝐴⨂
Moreover, by proposition 1.5.2, the second dual of
̂ 𝐵, if given a strong
the underline Frechet space of 𝐴⨂
topology is also a Frechet space. Hence, the
̂ 𝐵)// with Arens
topological algebra (𝐴⨂
multiplication is a Frechet algebra.

where N is an identity element in A//. Therefore 𝑥𝑖 ∈
A//. Define non zero continuous complex morphisms
𝑗: 𝐴𝐼𝐼 ⟶ ℂ and 𝑘: 𝐴 ⟶ ℂ respectively where their
sets of continuous characters 𝑆𝑝𝑒𝑐𝐴𝐼𝐼 and 𝑆𝑝𝑒𝑐𝐴
are induced by the weak topologies 𝜎 (𝐴𝐼𝐼 , 𝐴𝐼 ) and
𝜎 (𝐴𝐼 , 𝐴) respectively. Since 𝐴 is a Frechet algebra,
there exists a continuous Gel’fand map 𝑥̂𝑖 (𝑘) =
𝑘 (𝑥𝑖 ) where 𝑥𝑖 ∈ 𝐴 such that 𝑘 ∈ 𝑆𝑝𝑒𝑐𝐴 and this
⟹ 𝑥̂𝑖 ∈ 𝐶 (𝑆𝑝𝑒𝑐𝐴).

2

So also, since 𝐴𝐼𝐼 is also a Frechet algebra there exist
a continuous Gel’fand map 𝑥̂𝑖 (𝑗) = 𝑗 (𝑥𝑖 ) where 𝑥𝑖
∈ 𝐴𝐼𝐼 such that 𝑗 ∈ 𝑆𝑝𝑒𝑐𝐴𝐼𝐼 ⟹ 𝑥̂𝑖 ∈ 𝐶 (𝑆𝑝𝑒𝑐𝐴𝐼𝐼 ).
Hence, 𝑥̂𝑖 ∈ 𝐶 (𝑆𝑝𝑒𝑐𝐴) implies that ̂
𝑥𝑖 ∈ 𝐶 (𝑆𝑝𝑒𝑐𝐴𝐼𝐼
𝐼𝐼
), therefore 𝐶 (𝑆𝑝𝑒𝑐𝐴) ⊂ 𝐶 (𝑆𝑝𝑒𝑐𝐴 ). Since the
continuities of 𝑥̂𝑖 on 𝑆𝑝𝑒𝑐𝐴 and 𝑥̂𝑖 on 𝑆𝑝𝑒𝑐𝐴𝐼𝐼
depend on the topologies on 𝑆𝑝𝑒𝑐𝐴 and on 𝑆𝑝𝑒𝑐𝐴𝐼𝐼 ,
hence, 𝑆𝑝𝑒𝑐𝐴 ⊂ 𝑆𝑝𝑒𝑐𝐴𝐼𝐼 ……………….(*)

Motivation
A. Mallios [2] shown in his paper that the
spectrum of tensor product of locally convex algebra
(𝐴⨂𝐵) coincides with the spectrum of the complete
̂ 𝐵). This
tensor product of locally convex algebra (𝐴⨂
motivates us to consider the relation between the
spectrum of the projective tensor product of Frechet
algebras 𝐴 and 𝐵 and the spectrum of the second dual
of the projective tensor product of Frechet algebras 𝐴
and 𝐵. We also consider as an assumption just as we
have in the case of results of Mallios that the
spectrum of the algebra considered is an

Conversely, let the sequence 𝑥𝑖 in 𝐴𝐼𝐼
converge to 𝑧 ∈ 𝐴𝐼𝐼 . Since 𝑥̂𝑖 is continuous
on 𝑆𝑝𝑒𝑐𝐴𝐼𝐼 , there exists 𝑥̂𝑖 ⟶ 𝑧̂ uniformly
continuous on 𝑆𝑝𝑒𝑐𝐴𝐼𝐼 . By local theory of spectrum,
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we can have 𝑆𝑝𝑒𝑐𝐴𝐼𝐼 (𝑧) ∈ (𝐴𝐼𝐼 )𝐼 .Considering an
inclusion mapping 𝑖 𝐼 : (𝐴𝐼𝐼 )𝐼 ⟶ 𝐴𝐼 which induces a
map 𝑖∗𝐼 : 𝑆𝑝𝑒𝑐𝐴𝐼𝐼 (𝑧) ⟼ 𝑆𝑝𝑒𝑐𝐴 (𝑧).. This then implies
that 𝑆𝑝𝑒𝑐𝐴𝐼𝐼 (𝑧) ⊂ 𝑆𝑝𝑒𝑐𝐴 (𝑧) by Lemma 3.1. This
subsequently implies that 𝑆𝑝𝑒𝑐𝐴𝐼𝐼 ⊂
𝑆𝑝𝑒𝑐𝐴……….(**).

̂𝑖 ⟶ 𝜙̂ on
𝑡𝑜 (𝑎̂
∙ 𝜙) ⨂ ( 𝑏̂
∙ 𝜑) as a result of 𝜙
𝐼𝐼
𝐼𝐼
̂𝑖 ⟶ 𝜓̂ on 𝑆𝑝𝑒𝑐𝐵 . Hence, this
𝑆𝑝𝑒𝑐𝐴 and 𝜓
implies that

Combining (*) and (**), we have 𝑆𝑝𝑒𝑐𝐴 =
𝑆𝑝𝑒𝑐𝐴𝐼𝐼 valid within a continuous bijection
𝑖∗𝐼 : 𝑆𝑝𝑒𝑐𝐴𝐼𝐼 ⟶ 𝑆𝑝𝑒𝑐𝐴. ∎

̂
Conversely, by ([1], Remark 1.5, p7) (𝐴𝐼𝐼 )𝐼 ⨂
(𝐵𝐼𝐼 )𝐼 is considered as a linear subspace of
̂ 𝐵)𝐼𝐼 )𝐼 . Hence, 𝑆𝑝𝑒𝑐𝐴𝐼𝐼 ⨂
̂ 𝑆𝑝𝑒𝑐𝐵𝐼𝐼 ⊂
((𝐴⨂
𝐼𝐼
̂ 𝐵) ………………..(ii).
𝑆𝑝𝑒𝑐(𝐴⨂

̂ 𝐵)𝐼𝐼 ⊂ 𝑆𝑝𝑒𝑐𝐴𝐼𝐼 ⨂
̂ 𝑆𝑝𝑒𝑐𝐵𝐼𝐼
𝑆𝑝𝑒𝑐(𝐴⨂
………………………(i)

̂ 𝐵)𝐼𝐼 =
Combining (i) and (ii) gives 𝑆𝑝𝑒𝑐(𝐴⨂
𝐼𝐼 ̂
𝐼𝐼
𝑆𝑝𝑒𝑐𝐴 ⨂𝑆𝑝𝑒𝑐𝐵 .

3.3
Theorem:
Let 𝐴 and 𝐵 be Frechet
algebras with locally bounded approximate identities
and 𝐴𝐼𝐼 and 𝐵𝐼𝐼 their second duals respectively. Let
̂ 𝐵 and(𝐴⨂
̂ 𝐵)𝐼𝐼 be the projective tensor product
𝐴⨂
of Frechet algebras 𝐴, 𝐵 and second dual of
projective tensor product of Frechet algebras 𝐴 and
̂ 𝐵) = 𝑆𝑝𝑒𝑐(𝐴⨂
̂ 𝐵)𝐼𝐼 up
𝐵 respectively. Then 𝑆𝑝𝑒𝑐(𝐴⨂
to a homeomorphism.

̂ 𝐵)
So also since 𝑆𝑝𝑒𝑐(𝐴⨂
𝐼𝐼 ̂
𝐼𝐼
̂ 𝐵) =
= 𝑆𝑝𝑒𝑐𝐴 ⨂𝑆𝑝𝑒𝑐𝐵 .There fore, 𝑆𝑝𝑒𝑐(𝐴⨂
𝐼𝐼
𝐼𝐼
̂
̂
𝑆𝑝𝑒𝑐(𝐴⨂𝐵) . Hence, 𝑆𝑝𝑒𝑐(𝐴⨂𝐵) and
̂ 𝐵)𝐼𝐼 coincide as topological spaces.∎
𝑆𝑝𝑒𝑐(𝐴⨂

Proof:
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̂ 𝐵𝐼𝐼
(𝐴⨂
defined by

Robertson AP and Robertson W.(1973) Topological
vector spaces. Cambridge University
press.

(a⊗b) ∎ (∅𝑖 ⊗ 𝜑𝑖 ) ⟼ (a∎∅𝑖 ) ⊗ (b∎𝜑𝑖 ) and
converges in the weak * topology to

Zwari-Kazempour A. On the Arens product and
approximate identity in locally
convex
algebras. Journal. pmf. ni. ac.rs / filomat/
filomat / articles/ new/1255.

(a∎∅) ⊗ (b∎𝜑). Hence, there exist by Gel’fand
̂ 𝐵)𝐼𝐼 the continuous map
transformation on 𝑆𝑝𝑒𝑐(𝐴⨂
𝐼𝐼
𝐼𝐼 ̂
𝐼𝐼
̂ 𝐼𝐼
𝑙̂
𝑎⨂𝑏 : 𝐶(𝑆𝑝𝑒𝑐(𝐴⨂𝐵) ) → 𝐶(𝑆𝑝𝑒𝑐 𝐴 ⨂𝑆𝑝𝑒𝑐𝐵 )
induced by 𝑙𝑎⊗𝑏 and defined by
̂ ) ∙ (𝜙̂
̂
̂
( 𝑎⨂𝑏
𝑖 ⨂𝜑𝑖 ) ↦ (𝑎 ∙ 𝜙𝑖 )⨂ (𝑏 ∙ 𝜑𝑖 ) and
converges in the weak * topology induced
̂ 𝑆𝑝𝑒𝑐𝐵𝐼𝐼 by (𝐴𝐼𝐼 )𝐼 ⨂
̂ (𝐵𝐼𝐼 )𝐼
on 𝑆𝑝𝑒𝑐𝐴𝐼𝐼 ⨂
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